We derive a formula for the entanglement entropy of two regions in momentum space that is generated by the scattering of weakly interacting scalar particles. We discuss an example where weak interactions entangle momentum scales above and below an infrared cutoff.
Recently, some insight into the structure of interacting quantum field theories, and in particular conformal field theories [1] has been gathered by studying quantum information theoretic issues such as the entanglement entropy of degrees of freedom residing in different regions of coordinate space. One interesting offshoot of this set of ideas is the notion of entanglement entropy in momentum space. From one point of view, there would seem to be some natural questions to address. The separation of the degrees of freedom in a quantum field theory according to the distance scale is a well known ingredient of the Wilson approach to the renormalization group where one might wonder whether, even after the construction of effective field theory describing physics at a given distance scale, subtle quantum effects could still correlate physics at that scale with physics at other far disparate scales [2] . On the other hand, interacting quantum field theory is not local in momentum space and the precise meaning of the degrees of freedom residing in a region of momentum space is a subtle question. For example, there exist computations of the entanglement of momentum space regions in weakly coupled field theory using perturbation theory and the interaction picture [2] [3] . Those compute the entanglement of interaction picture degrees of freedom. The interaction picture fields evolve in time as free fields, but the quantum field theory vacuum is a nontrivial correlated state of those free fields and the correlations include quantum entanglement. However, we could as well consider a different representation of the field theory degrees of freedom, say the Lehman-Symanzik-Zimmerman (LSZ) in-or out-fields. They are distinguished by the fact that their states diagonalize the Hamiltonian. However, because the in-or out-fields are free fields and their vacuum coincides with the interacting quantum field theory vacuum, the entanglement entropy between particle momenta is identical to that in free field theory.
For in-and out-fields, the interactions are encapsulated in the S-matrix of the quantum field theory. An in-state evolves into an out-state, which is a superposition of in-states, and whose individual coefficients in that superposition are the transition amplitudes, or S-matrix elements. Thus, generally, the out-states are entangled states of in-fields and one might naturally ask the question of whether we can quantify the entanglement that is generated between different regions of momentum space. In this paper, we will develop some formulae for computing this entanglement in the simple example of the self-interacting scalar φ-four theory in four dimensions. This issue has already been explored in several places and formulae similar to what we derive are already known [4] [5] [6] [7] . Our derivation is somewhat different and simpler than previous ones.
We shall consider a pure in-state with ρ in = |in >< in| which evolves to an out-state
where S is the S-matrix. The Hilbert space H of in-states can be presented as a direct product
where H {1} contains in-field particles with spatial momenta only in a region {1} ⊂ R 3 and H {2} has particles with spatial momenta in its complement {2} = R 3 − {1}. We will produce a reduced density matrix by tracing out all of the in-field states of particles with momenta in {2}
The reduced density matrix in an operator in H {1} . The entanglement entropy is
For example, with an in-coming two-particle state with momenta p 1 , p 2 ∈ {1}, we shall find that the leading term in the entanglement entropy is
which is −λ 2 ln λ 2 , times the factor of total time over volume T V , interpreted as particle flux divided by the relative velocity, times the total cross section for scattering at least one particle to a momentum state in {2},
which is of order λ 2 . The source of this leading perturbative term in the entanglement entropy is the buildup of the eigenvalues of the reduced density matrix, from those which were zero in the incoming state to transition probabilities to possible out-states which contain particles in {2}. It is interesting that, as in other contexts where entanglement entropy is associated with an area, the entropy here is proportional to the cross-section. We will now present a derivation of equations (1) and (2) . After that we will explore an application of this formula. In any quantum field theory with massless particles, the result of a scattering event produces soft particles which are beyond the resolution of detectors and which are not measured. This leaves an uncertainty in the observable parts of the process which we could characterize by finding the entanglement of the visible modes with those which lie below an infrared momentum cutoff. We will compute this entanglement entropy to the leading order, λ 2 ln λ 2 where λ is the coupling constant for elastic, short-ranged two-body interactions. We will consider the example of a single real scalar field with a weak repulsive two-body interaction. The LSZ reduction formula for the S-matrix is obtained by setting J → 0 in the expression
Z[J] is the generating functional for the time-ordered correlation functions of the quantum field theory. The in-field is the weak early time limit [8] , ϕ in (x) = weak lim
It obeys the free wave equation and equal time commutation relation
The in-field can be decomposed into positive and negative frequency parts, as well as parts with momenta in region {1} and region {2},
where ω(p) = p 2 + m 2 and the non-vanishing commutator is
We shall assume that the quantum field theory is renormalized to that correlation functions of ϕ(x) are finite, the pole of the two-point function of ϕ is at −p 2 = m 2 , the residue of this pole is one and the coupling constant obeys some condition which we shall not need to specify. These are enforced by adjusting counter-terms in the Lagrangian density
The generating functional is
where ∆(x, y) =< 0|T ϕ in (x)ϕ in (y)|0 >. Using equations (3)- (9), we can find the S matrix to second order in λ, (10) where (with ϕ
where the ellipses stand for contributions of order λ 3 and higher. The counterterms must be tuned to cancel the ultraviolet singularities in the products of distributions [∆(z 1 , z 2 )] 2 and [∆(z 1 , z 2 )] 3 and so that the pole of the two-point function is the physical mass and the residue is one. When they are properly tuned, the second-last line in (12), which is quadratic in ϕ J in , vanishes when J is set to zero. This is the equivalent to stability of the oneparticle state. We have assumed that tadpoles, that is, terms with ∆(x, x), have been canceled by counter-terms.
Given an in-state, ρ in = |in >< in| with [9] |in >= (2π)
we can find the reduced density matrix as
where
∆(x, y) =< 0|ϕ
Π {1} projects onto the vacuum of H {2} and leaves excitations with momenta in {1} unchanged. In the simplest case, when |in > contains only states in {1}, 
Terms which would have∆ 3 (x, y) and∆ 4 (x, y) in (21) vanish due to kinematical constraints, the fact that energy flows only from x to y in∆(x, y). For the same reason, the second-last line in (21) contains states with one fewer particle than |in > and the last line contains states with two fewer particles. For example, for a twoparticle state, |in >= 
